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In this paper, we consider certain K-theoretic modifications of the condition C, of 
Lang. We propose a conjecture which relates these conditions to the cohomological 
dimension of fields. Partial solutions are given for local and global fields. i‘, 1986 
Academic Press. Inc. 
1. THE DEFINITION AND THE CONJECTURE 
In this article, we shall study certain K-theoretic conditions C; of a field 
(cf. Definition 2) and present a conjecture which relates these conditions to 
the cohomological dimension of a field and to the condition Cj of Lang 
[14] (cf. the main conjecture below). 
DEFINITION 1. Let k be a field, ch(k) the characteristic of k, and p a 
prime number. We define dim,(k), the p-dimension of k, as follows. If 
p # ch(k), dim,(k) is the cohomolo~cal p-dimension of the prolinite group 
Gal(k,/k) where we denote by k, the separable closure of k (cf. Serre [ZO]). 
Assume p = ch(k). Let &?i be the ith exterior product over k of the absolute 
differential module Qiiz, and let HF ‘(k) be the cokernel of the 
homomorphism 
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(SEk, I’,,..., ),I E k’). (See Mime [ 16 J for this homomorphism.) Then, 
dim,(k) is the least integer i (or nc; if such integer does not exist) such that 
[k:k”] <pi and H,, ‘+ ‘(k’) = 0 for all finite extensions k’ of k. 
We define dim(k) to be sup dim,(k), where p ranges over all prime num- 
bers. 
The two conditions “dim(k) d i’ and Ci seem to be very near, but do not 
coincide when i> 1 (cf. Ax [Z]). We hope that the conjecture presented 
below will be the true relation between these two conditions. 
For a field k, let K,(k) (420) be Milnor’s K-group in [17]. That is, 
l&(k) = 2, K,(k) = k’, and 
Y times 
for q>2 
where J is the subgroup of the tensor product generated by elements of the 
form .~i @ * * . @ xy such that xi+ .xj = f for some ifj. An element 
x, @ ... Ox, mod J of K&k) is denoted by ix,,..., x,}. If k’ is a finite 
extension of k, there is a canonical norm homomorphism N,,,,: 
K&k’) + K,(k) (cf. Bass and Tate [4, Chap. I, Sect. 53 and [lo, Sect. 71). 
In particular, N,,,, : &(k’) -+ K,,(k) is the multiplication by [k’:k] on Z, 
N k.,k: K,(k’) -+ K,(k) is the usual norm map (k’)” -+ k”, and 
Ny,,e( {x,yvf) = fN,,,dA Y> for x E Kj(k’) and y E K,(k). 
DEFINITION 2. (1) Let k be a field and X a scheme of finite type over k. 
We define the &-norm group N&X/k) of X to be the subgroup of K,(k) 
generated by the images of 
where x ranges over all closed points of X and K(X) denotes the residue 
field of x. In the case X is a projective scheme ‘y = 0” defined by a 
homogeneous form~over k, we write N~~~/~) instead of N&X/k). (In other 
words, N&/k) is the sum of NkclkRy(k’), where k’ ranges over all finite 
extensions of k in which f has non-trivial zeros.) 
(2) Let q 3 0 and i 2 0. We say that a field k satisfies the condition 
Cy if and only if: 
For any finite extension k’ of k and for any integers n, da 1 such that 
n > di, any homogeneous form f over k’ in pf variables and of degree d 
satisfies 
N,Wk’) = K,(k’). 
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We first observe the relation between this definition and the condition Ci. 
For a field k and for each prime number p, let k(p) be an algebraic exten- 
sion of k satisfying the following conditions (i) and (ii). 
(i ) The degree of any finite extension of k(p) is a power of p. 
(ii) The degree of any finite sub-extension of k(p)/k is prime to p. 
This field k(p) exists and is unique up to the conjugacy over k. 
LEMMA 1. A Ci-field satisfies Cp. More precisely, a field k satisfies Cp if 
and only if the fields k(p) are Ci-fields for all p. 
Next, the condition Cg can be expressed in the following more 
manageable form. 
LEMMA 2. A field k satisfies Cg if and only iffor any finite extension E 
of k and for any finite extension F of E, the norm homomorphism N,/,: 
KY(F) -+ KY(E) is surjective. 
COROLLARY. A field k satisfies Ch of and only if dim(k) < 1. 
In the case ch(k) = p>O, Hz(k) is isomorphic to the kernel of the 
multiplication by p on the Brauer group Br(k). (See, for example, [ 10, 
Sect. 3.4, Lemma 161.) So, this corollary follows from Serre [20, Chap. II, 
Sect. 3, Proposition 5 and Lemma 23. 
Main Conjecture. Let q, i 3 0. Then, a field k satisfies Cy if and only if 
dim(k) d q + i. 
In the following, we shall give some results related to this conjecture. For 
example, it is known that a complete discrete valuation field K with finite 
residue field satisfies dim(K) = 2 (but does not satisfy the condition C, in 
general; [21]). In Section 3, Corollary 1 to Theorem 1, we shall show that, 
if f is a homogeneous form over K in n variables of degree d such that 
n > d* and if d is a prime number, then N,(f/K) = K,(K). In Section 4, 
Theorem 2, we show that if K is a totally imaginary algebraic number field 
(then dim(K) = 2) and f is a homogeneous form over K in n variables of 
degree d such that n > d, and if d is a prime number and the projective 
scheme “f = 0” is smooth, then N,(f/K) = K,(K). From these results, we 
think that the main conjecture is quite natural, or at least, that it provides 
interesting byproducts and new problems. 
2. PFISTER FORMS AND PURELY INSEPARABLE FORMS 
The main conjecture of course claims that Cy and C$ are equivalent if 
q + i = q’ + i’. Our first observation is that an equivalence of this type exists 
if we consider only a special type of quadratic form called Ptister forms. 
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Let k be a field and assume ch(k) # 2. (resp. ch(k) = 2). A Pfistcr form 
over k is a quadratic form of the type 
A(I). Cal ’ 4”‘X (n 2 0, a, ,..., a,, E k‘) 
(resp. C a;“)... a:?y’) (X?+X,Y,+hYf) (1~31, a,,..., a+,ck’, bask) , 
in 2” variables, where s ranges over all functions ( l,..., n > + (0, 1 } (resp. 
{ l,..., n - 11 -+ (0, 11) and where X, (resp. X, and Y,) are independent 
variables. The Pfister form defined by a, ,..., a,, E k” (resp. a, ,..., a, , E k‘ 
and h E k) as above is denoted by G al ,..., a, 9 (resp. [[h, a, ,..., a,- 1 $ ). 
See [3] and [13].) 
For a field k and for q, i 3 0, let Cy(Pf) be the following condition. 
es is Cy(Pf): For any Ptister form f over k whose number of variabl 
strictly greater than 2’, N&f/k) coincides with K,(k). 
PROPOSITION 1. (1) Zf q + i = q’ + i’, the conditions Cy(Pf) and Cy 
are equivalent. 
‘(W) 
(2) ,fch(k)=2, k satisfies Cy(Pf) ifandonly ifH;+‘+‘(k)=O. 
(3) Zf ch(k) = 2, the following two conditions are equivalent. (i) 
[k:k2] < 2’ and H;+‘(k) =O. (ii) Any quadratic form over k in n variables 
with n32”” has a non-trivial zero in k. 
For the proofs of ( 1) and (2), it suffices to prove the following Lemma 3. 
LEMMA 3. Assume ch(k) # 2 (resp. ch(k) = 2) and let a,,..., a, E k-’ (resp. 
a, ,..., a I, I E k’ and h E k). For each i = l,..., n - 1, consider the following 
condition (A,). 
(Ail: (a,, . . . . a,]EN;( 4 -a,+, ,..., -a,%/k) 
(resp. {a,,..., ai) ~N;f[[h, a,+, ,..., a,,~-, 9/k)). 
Furthermore, let (A,) he the condition that the form < -a, ,..., -a, $ (resp. 
CCh a,,..., a, , 9 ) has a nontrivial zero in k, and (A,,) the condition 
ia ] . . . . . a,,} E 2KJk) (resp. the condition that the class of h(da,/a,) A ... A 
da,, ,/a,, , in H;(k) is zero). Then, all the conditions (A,) (0 < j< n) are 
equivalent. 
Proqf In the case ch(k) 22 (resp. ch(k) = 2), the equivalence 
(A,)o(A,) is proved in Elman and Lam [7] (resp. Kato [ll, Sect. 41). It 
remains to prove the implication (A, 1) =S (Ai) for each i. Assume (A, , ), 
and let g = < -a,,..., -a, ti (resp. [[h, a ,,..., a, ~, ti ) in the case ch(k) # 2 
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(resp. ch(k) = 2). Then, by (AiP i), (a,,..., aiP i} is generated by elements of 
the form N,,,,(x) (XE Ki- ,(k’)) such that g has a non-trivial zero in k’. 
First assume i#n, and let h= 4 --a,+,,..., -a, 9 (resp. 
[[b, a;, ,,..., a,_ 1 % ). Then, g = hO (-a$~). Since the elements of (k’)” 
which are represented by h over k’ form a subgroup of (k’)” by [3, 133, we 
see that ui is represented by h over k’. From this, it follows easily that there 
exist a finite extension k” of k’ and y E (k”)-’ such that h has a non-trivial 
zero in k” and ui = Nk~~,,J y). Since {N,.,,(x), ui} = iVkP,,J {x, y}), we have 
{a , ,...’ ui} E N,(h/k). Next consider the case i = n. Then, if ch(k) # 2, there is 
an element y of k’ such that a, = y2. Since {Nk,,k(~), a,} = 2N,,,,( {x, JJ}), 
we have {a, ,..., a,} E 2&(k). If ch(k) = 2, there is an element y of k’ such 
that y2 + y = b. Since we have a commutative diagram 
Ni ‘,I- 
I I ’ 
TWk dlog{u ,,..., +d”‘* ... *%, 
UI 
K,(k) 
d log % 
’ Q/r 
we obtain 
b. dlog(N,.,,(?c)) = TrksIk((Y2 + .Y) dlog(x)). 
The trace map Tr,.,,: Q;.- ’ + a;-’ induces H;(k’) -+ H;(k) and hence this 
proves that the class of b(du,/u,) A ... A da,-,/a,-, in H;(k) is zero. 
Proof of Proposition l(3). Let k be a field of characteristic 2 such that 
[k:k’] < 2’. Let V be a vector space over k such that 2’+ ’ <dim,(V) < cc, 
and let ,f: V+ k be a quadratic form over k. Since the bilinear form 
Vx V-k; (A Y> =f(x+ Y-f(x)-f(u) 
is alternative, there exists a vector subspace W of V of dimension 2’ on 
which the restriction of the form ( , ) is zero. Assume that f has no non- 
trivial zero in k. Then, fl W is isomorphic to the quadratic form k”2 -+ k; 
XHX2 and [k:k2] is equal to 2’. Furthermore, the map 
V/W + Hom,( W, k) induced by ( , ) is injective as is shown below, and 
hence dim,( I’) = 2’+ ’ and V/ Wz Hom,( W, k). Indeed, let u E V and 
assume (u, x) = 0 for all x E W. Then, if we take w E W such that 
f(w)=,f(v), we have v= WE W. 
Take a p-base (b, ,..., bi) of k and let 9 = db,/b, A ... A dbj/bi. Let v be 
an element of V such that (u, ): W + k coincides with the compositk map 
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where can denotes the canonical map. We have a commutative diagram 
I II 1 4 I 
f(X)? 52: p ’ Q;/d(n;- ‘) xprj 
where p is as in Definition 1. If Hi+ ‘(k) = 0, then p is surjective, and hence 
there is an element w of W such that I + (u, w ) =f(o). This shows 
f(u + w) = 0 and hence u E W, but this is a contradiction because 
(u, ): W -+ k is non-trivial. 
Thus we have proved the implication (i) * (ii) of (3). The converse is 
proved by using (2). 
Next we consider forms of p-primary degrees in characteristic p. 
PROPOSITION 2. Let k be a field of characteristic p > 0. Fix q, i b 0. 
(1) Fixr>l. Then, [k:kP]<p y + i if and only if k satisfies the foflow- 
ing condition: For any n > p” and a,,..., a,, E k, the form f = c,"=, a,X;’ 
satisfies Nq( f/k) = K,(k). 
(2) If k satisfies C’y, then dim,(k) < q + i. 
Proof First we prove ( 1). We recall that for elements b, ,..., b, E k”, the 
two conditions [k(bt”‘,..., 6:/p): k] < pq and {b, ,..., 6,) E p!,(k) are 
equivalent [ 10, Sect. 1.3, Lemma 71. Assume first [k:kP] 6 pqfr and let 
f = i a,Xp’ (r > 1, n > pr’, a, ,..., a, E k). 
j=l 
We prove { 6, ,..., 6,) E N,(f/k) for any b, ,..., b, E k”. We may assume 
[k(bt’f’,..., b:‘p) :k] = pq. Let k’ = k(b;‘p’,..., b:‘J”). Since [k: (k’)P’] 6 pri, 
a, ,..., a,, are linearly dependent over (k’)P’ and hence f has a non-trivial 
zero in k’. On the other hand, {b,,..., 6,) E NkrikKq(k’) as is easily seen. 
Next assume the condition in (1). To prove [k:kP] Q pqf’, it suffices to 
prove (a ,,..., ai+ ,, K,(k)} cpK,+;+,(k) for any a, ,..., a,,, E k”. Let 
be the form in p”(‘+‘) variables where s ranges over all functions 
{ l,..., i + 1 } -+ (0 ,..., pr - 1 }. Then, by the condition on k, we have 
N&f/k) = K,(k). Let k’ be a finite extension of k in which f has a non- 
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trivial zero. Then, [k’(at’J’,..., af$‘,):k’] < pi+ ’ and hence {ai ,..., ai+ i} E 
pK,+ ,(k’). This proves {ai ,..., ai+, , NkfikKq(k’)} CPK,+~+ i(k), and hence 
{a I ,..., u~+~~K~~k~}~{u~~~~~~u~+~~N~~flk~}c~K~+i+~~k~~ 
Next we prove (2). Let k be a field of characteritic p > 0 and let a, ,..., 
a, E k” and b E k. Consider the form 
f=p---yP-l-byP+ 1 q(I)...q(i)z; 
s#O 
of pi + 1 variables X, Y and Z,, where s ranges over all non-zero functions 
{ I,..., i> -+ {O,..., p - 1 }. We show that if f has a non-trivial zero in k’ 3 k, 
the class of b(du,/u,) A ... A dui/u, in Z-Zr’(k’) is zero. Indeed, if Y=O in 
that non-trivial zero, then da, /a, A . . A du,/u, = 0 in Szi,. If Y # 0, there 
are x, z,~ E k’ such that 
Thus 
xp _ x + 1 a;(‘). . . ($‘)z,p f&f! A . . . ,, da, 
S#O 01 a, 
and its class in HF ‘(k’) is clearly zero. 
Let a y + I )...1 UC/ + I E k”. If k satisfies Cy we have (u,+ , ,..., uq+ j} E N&f/k). 
From the above fact, it is easily seen that the class of b(du,/u,) A ... A 
da y+i!%+, in H; + i + ‘(k) is zero (see the last part of the proof of 
Proposition l(2)). Thus we have proved H;+‘+‘(k) = 0. Since Cy * 
[k:k”] <py+j is already shown, this proves Proposition 2(2). 
3. LOCAL FIELDS 
It is well known that a complete discrete valuation field K is C, if its 
residue field F is Co (Lang [ 143) but the C, property of F does not imply 
the Cz property of K (Terjanian [21]). We conjecture that K satisfies Cp+ , 
if F satisfies Cp. We prove here a partial result. 
For a field k and for q, i $0 and d >, 1, let C?(d) be the following con- 
dition. 
C:(d): If the forms f in the definition of the condition Cy are restricted to 
forms of the fixed degree d, the reformed condition is satisfied by k. 
THEOREM 1. Let K be an excellent henseliun discrete valuation field (i.e., 
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a henselian discrete valuation ,field such that the completion K is separable 
over K) with residue field F. 
( 1 ) Let q > 0. Then, F satisfies Cx if and only) ij‘ K satisjies Cx + ‘. 
(2) Let d he a prime number and let i> 0. Then, F sati.s$es CO(d) if 
and onlv tf K satisfies Cp, , (d). 
(3) Let d be a prime number and assume that F is perfect or d is inver- 
tible in F. Let q, i > 1. Then if F satisfies Cy- ,(d) and Cy ~ l(d), K satisfies 
Cy( d). 
(4) dim,(K) = dim,(F) + 1 for any prime number p. 
COROLLARY 1. Let K be a complete discrete valuation field with finite 
residue field. Then, K satisfies Ci, and C;(d) and C;(d) for any prime num- 
ber d. 
(The fact that the field K in this corollary satisfies Ci is a result of Base 
and Tate; see [ 18, Corollary A.151.) 
COROLLARY 2. Let k be a field of characteristic p > 0 and let E be an 
extension of k of transcendental degree i < co. Then, 
dim,(E) < dim,(k) + i. 
Proof The case p #ch(k) (due to J. Tate) is classical (see Serre [20, 
Chap. II]). We deduce the case p = ch(k) from this classical case. Indeed, 
we may assume that E is finitely generated over k. Then we find a henselian 
discrete valuation field K of characteristic zero with residue field k, and a 
henselian discrete valuation field L with residue field E such that L is of 
transcendental degree i over K. By Theorem l(4), we obtain 
dim,(E) = dim,(L) - 1 6 dim,(K) - 1 + i = dim,(k) + i. 
Now we proceed to the proof of Theorem 1. In the case where K is com- 
plete, Theorem l(1) is proved in [ 10, Sect. 3.31, where the condition C’x 
was denoted as 233,. The henselian case is easily reduced to the complete 
case. For the proof of Theorem l(4), the case p # ch(F) is classical [ZO, 
Chap. II, Sect. 51 and the case where ch(K) = 0 and ch(F) = p (resp. 
ch(K) = ch(F) = p) is proved in [ 11, Theorem 31 (resp. [ 10, Sect. 3.2, 
Lemma 33) assuming K is complete. The henselian case is again reduced to 
the complete case. (Indeed, in the case ch(K) = 0 and ch(F) = p, use the 
fact that the completion does not change the absolute Galois group 
Gal(K,,/K) (Artin [ 11). In the case ch(K) = ch(F) = p > 0, by an explicit 
computation, we see easily that 
H;(K) -+ H;( 8) 
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is surjective. Since any finitely generated subring A of K over K has a K- 
homomorphism A + K (Greenberg [S]), the above map is injective. Also 
we have [K:KP] = [k:Kp].) 
So, in the following, we prove Theorem l(2), (3). For a discrete 
valuation field K, let 0, be the valuation ring of K, ord, the normalized 
additive discrete valuation of K, and let m;= {XE K; ord.(x)>n}. 
We use the following Lemmas 4 and 5. 
LEMMA 4. Let V be a vector space offkite dimension over an excellent 
henselian discrete valuation field K, and let f: V + K be a homogeneous form 
of degree d over K. Assume that f has no non-trivial zero in any finite exten- 
sion K’ of K such that [K’:K] <A. For each integer n, let Vc”’ = f -‘(m;). 
Then : 
(1) Each VCn) is a finite1.y generated O=submodule of V such that 
K @o, V’“‘= V. 
(2) [f xE VCn’ and yc Vtn+‘), f(x+ y)= f(x) modm”,+‘. 
Proof We first prove that each V’“) is an O~submodule of V. Let x 
and y be linearly independent elements of V, n = ord,(f (x)), and assume 
ord.(f( y)) 3 n. It suffkes to prove ord,&f(x + y)) 2 n. By the assumption 
on f, f (Tx + y) is an irreducible polynomial over K. Let CI be one of its 
roots, and let L = K(a). We have 
0) f(Tx+y)=f(x)N,,AT-cc), 
(ii) NLIK( -u) =f(y) f(x)-‘. 
By (ii), we have CI E 0,. Thus 1 - tl E 0, and hence by (i), 
f(x+y)=f(x)NLIK(l-a)Ef(x)OK=m>. 
If ord,( f (y)) > n, (ii) shows cx E mL ‘and hence NLIK( 1 - ~1) E 1 mod mK. 
By (i), this proves 
f(x+y)-f(x)modm”,+‘. 
Finally, we show that each V’“’ is a finitely generated OKmodule. First 
assume that K is complete. The filtration ( IJ’(~))~ defines on V structure of a 
Hausdorff topological K-vector space. Let (e,), be a K-base of V. Since K is 
complete, this topology coincides with the topology defined by the 
filtration 




Hence the two filtrations are colinal, which shows that V”“’ are finitely 
generated. 
Now we consider the general case. Let k be the completion of K and 
f: @ = V 0 K J? + R be the form over I? induced by f: We show that p has no 
non-trivial zero in any finite extension L of R such that [L:k] < d. Indeed, 
iff has a non-trivial zero in such L, we find a finitely generated subring A 
of i? over K, a ring B over A which is a free A-module of rank strictly 
smaller than ci, and elements h, ,..., h, (r= dim( V)) of B such that 
f(b , ,..,, b,) = 0 and such that B = x1 <i<, Bbi. (Here by fixing a base of V, . . 
we regardf as a homogeneous polynomial in Y variables.) By [8], A has a 
K-homomorphism A -+ K. Let E be the residue field of some maximal ideal 
of B @ A K. Then, f has a non-trivial zero in E and [E:K] cd, which is a 
contradiction. Thus we can apply the preceding arguments to ( p, f) and 
@n’=p-m’(m~), and we see that p@) . is a finitely generated O~~module. 
Since V/V”‘)Z p/pgiE), ~/~~~)~(~/O~)r (~=dim~(~)) as an OKmodule. 
This shows that P) is a finitely generated OKmodule. 
LEMMA 5. Let K he an excellent henselian discrete valuation field with 
infinite residue field F, let f be a homogeneous form of degree d over O,, and 
let f = (f mod mK). Let F be a finite extension of F, and assume that f has 
no non-trivial zero in F but has a non-trivial zero in F. Then, there exists a 
f?nite extension K’ of K such that f has a non-trivial zero in K’, and such that 
F’ can be embed~d over F in the residue~e~d of K and [R : K]/[F :FTj < d. 
Proof: We may assume that F’ = F(a) for some a E F. Let m = [F:F] 
and take ciicOK (1 di<n, O<j<m- 1, where n is the number of 
variables off) such that (J$=-;’ C,,&,..., c,&’ 2,~~) is a non-trivial zero of 
fin F’. Here Cii denotes the residue class of c,,. Let g(X) =f(J$Z!O’ c,,Xj,..., 
z,?&’ c,Xj) E OJX]. Since f has no non-trivial zero in F and since F is 
infinite, we have g & 0 mod mK. Since g(a) = 0, some prime divisor h of g 
in O,[X] satisfies h(cr) = 0. The field of fractions K’ of O,[X]/(h(X)) has 
the desired properties. 
COROLLARY. Let K and F be as in Lemma 5, let d be a prime number, 
and let f: V -+ K be a homogeneous form of degree d over K. Assume that f 
has no non-trivial zero in anv finite extension L of K such that [L : K] is 
prime to d. Let f. be the homogeneous form V(“)/VC” -+ F induced by f (cJ: 
Lemma 4). Then, f. has no non-trivial zero in any finite extension F of F 
such that [F :F] is prime to d. 
Proof: Let (e, ,..., e,) be an F-base of V’“‘/V’l’ and let e”,,..., I?, be their 
liftings to V (‘) Let f’ be the homogeneous form f( T, 2, + .. . + T,c?,) in r . 
variabies over 0,. Then f. = (f’ mod mK). It suffices to apply Lemma 5 
to f’. 
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Note that in the proofs of Theorem l(2), (3), we may assume F is 
infinite. Indeed, assume F is finite, and for each prime number p, let F(p) 
be as in Lemma 1 and let K (JJ) be the unramified extension of K 
corresponding to the extension F(p)/F. Then, to show that K satisfies 
C:(d), it suffices to show Kcp) satisfies C;(d) for all p. 
Now we prove Theorem l(2) assuming F is infinite. Let d be a prime 
number, and assume F satisfies C:(d). Let f: I’+ K be a homogeneous 
form of degree d such that d’+ i < dim(V) < co. Since de N&J/K) is easily 
seen, it suffices to prove that N,(f/K) contains an integer prime to d. 
Assume contrarily that f satisfies the assumption of the Corollary. By the 
C)(d) property of F and by the Corollary applied to the forms rc”f (n is a 
prime element of K) for all n, we have dim.( V@)/V(” + ’ ‘) < d’ for all n. 
Hence 
dim.(V) = dim.( V(‘)/WZ, P’(O)) = dim,( V”‘/Vd’) < d’+ ‘, 
which is a contradiction. 
Conversely, assume K satisfies Cp, ,(d). Let g be a homogeneous form 
over F of degree d in n variables with n > d’. Let g be any lifting of g over 
O,, 7c a prime element of K, and consider the form 
f = 1 dg(Xi, ,.,.( X,) 
O<i-cd 
in nd variables X, (0 d i < d, 1 < j < n) over K. Then, f has a non-trivial 
zero in some finite extension L of K such that [L : K] is prime to d. It is 
easily seen that g has a non-trivial zero in the residue field of L and this 
proves N,( g/F) = K,(F). 
Before we begin the proof of Theorem l(3), we review some facts on 
Milnor K-groups of an excellent henselian discrete valuation field K. Let 
UK,(K) be the subgroup of K,(K) generated by all elements of the form 
{ x , ,...1 xy} such that x1,..., xy are invertible elements of O,, and let 
U’K,(K) be the subgroup of K,(K) generated by all elements of the form 
{ x 1 ?...1 x,} such that x, - 1 ernK and x2,..., X~E K-‘. Then, iJ’K,(K)c 
UK,(K), and there are canonical isomorphisms 
K,(K)/UK,(K) = K,- ,(F), UK,(K)/U’K,(K) z K,(F). 
If L is a finite extension of K, 
N&UK,(L)) = W/(K)> N,,,W’K,W = U’&(K) 
and the homomorphisms induced by NLIK on the quotients correspond to 
N,,: K,, , (E) + K, ~ i(F) and eLIK N,,: KY(E) + Kq( F), respectively, 
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where E denotes the residue field of L and eL K denotes the index of the 
ramification (see [ 10, Sect. 3.31). 
Now we prove Theorem 1 (3) assuming F is infinite. Let j‘: I,‘-, K be a 
homogeneous form of degree d such that d’< dim,( I’) < 8~:. . To prove 
N&/K) = K&K), we may assume that f‘ has no non-trivial zero in any 
finite extension f. of K such that [L:K] is prime to CJ. 
Since dim,& V) = xi= ,!, dim.( V”)/P+ Ii), there exists some n such 
that dim.( P’/V’“+” )>& ‘. Since F satisfies Cy_ ,(d), the form 
f,: pyqAn+ 1) + F over F induced by ~‘ff (7~ denotes a prime element of 
K) satisfies K,(F) = Nq(fn/F). In the case F is perfect (resp. case d is inver- 
tible in F), this implies UK,(K) c ~~(.~~) by Lemma 5 and by the fact that 
U’&(K) is contained in NL,‘KKq(L) for any unramified finite extension L of 
K (resp. the fact that U’&(K) is cl-divisible). To proceed from UK,(K) c 
N,(flK) to the proof of K,(K) = N&f/K), we consider individually the 
following two cases (A) and (B). 
(A) There are two integers n?, fz such that 0 < m < n < d, V’@‘,/ Vm+ ’ ) # 0 
and VCR)/ V”’ + ’ ) # 0. 
(B) There is only one integer n such that 0 $ n < d and V’“‘/V’” + ” # 0. 
In the case (A), take x E I/‘“’ - V”’ ‘) and y E I/(“’ - I”“+ ‘I. Then, the 
polynomial f( T-x + y) defmes a totally ramified extension L of K and .f has 
a non-trivial zero in L. By the above review, we have 
K,(K)= UK,(K)+N,.~KK,(L)=N,(~IK). 
In the case (B), we have dim.(V’“‘/P+ ‘))>S. Since F satisfies C?-‘(d), 
we have Kq- ,(F) = N,-. ,(f,,/F). wheref,? is as above. By Lemma 5 and the 
above review, this again shows K,(K) = N,(.fIK). 
4. GLOBAL FIELDS 
THEOREM 2. Let K be a totally imaginary algebraic number field, or an 
algebraic function field in one variable over a finite field. Let d be a prime 
number and let f be a homogeneous form of degree d in n variables with 
n > d. Assume that the projective scheme “‘f = 0” over K is .~mooth. Then 
N,(f/K) = K’. 
(Note that dim(K) = 2 for these fields.) 
Proof: By [12, Sect. 73, we have 
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for any projective smooth geometrically irreducible scheme X over K, 
where u ranges over all places of K and K, denotes the completion of K at 
v. In the case where X is the projective scheme defined by f, we have K; = 
N,(X OK KJK,) for any u by Corollary 1 to Theorem 1. 
5. RELATED PROBLEMS 
The study of the condition Cy in this paper leads us to the following 
interesting 
PROBLEM 1. Is the following statement true for any field k with no 
ordered field structure? 
“Let ia 0 and let X be the projective k-scheme defined by a 
homogeneous form of degree d in n variables over k such that n > d’. Let p 
be any prime number such that p # ch(k). Then the natural map of Galois 
cohomology 
Wk, Z/pZ) + fl HY(k-(x), Z/pZ) 
is injective for 0 < q < i, where x ranges over all closed points of X.” 
PROPOSITION 3. Let F be either C or a complete discrete valuation field 
of characteristic zero with finite residue field. Let r 3 0 and let k = 
F( (T, )) . (( T,)). Then, if d is a prime number, the above statement is true 
for k and d. 
Here, F( (T,)) . . . ((T,)) is defined inductively as the field of formal power 
series in one variable T, over F( (T, )) . . . (( T, ~ 1 )). 
Proof: Let m = r in the case F= C, and let m = r + 2 in the other case. 
We assume that F contains a primitive pth root of unity without a loss of 
generality. By induction on r, we see that for any finite extension k’ of k, 
there is a canonical isomorphism H”(k’, Z/pZ) E Z/pZ which induces a 
perfect duality of finite abelian groups 
HY(k’, Z/pZ) x H” ~ Y(k’, Z/pZ) -+ H”(k’, Z/pZ) g ZJpZ. 
and which satisfies the compatibility 
HY(k’, Z/pZ) E Z/pZ 
Cork+ 1 1) 
HY(k, Z/pZ) z Z/pZ 
(commutative). 
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Furthermore, the cohomological symbol 
K,(k’)/pK,(k’) -+ HY(k’, ZlpZ) 
is bijective for any q (cf. [ 17, Sect. 63). By these facts, we see that the injec- 
tivity of HY(k, Z/pZ) + n, HY(~(x), Z/pZ) is equivalent to the surjectivity 
of 
(N,c,.q,Io.x: @ K,-,(K(x))/PK,~,(k-(x)) + Km-,(k)/pK,-,(k). 
So, Proposition 3 follows from the fact that k satisfies the condition 
CT-‘(d) (Theorem l(3)). 
The following Lemma 6 also concerns the above problem. Note that the 
projective scheme defined by a quadratic form in three variables is a 
Severi-Brauer variety if it is smooth. 
LEMMA 6. Let k be afield having no ordered field structure, and let X be 
a Severi-Brauer variety over k. Then for any prime number p # ch(k), the 
homomorphism 
H’(k Z/PZ) + n Hl(~(x), Z/PZ) 
is injective, where x ranges over all closed points of X. 
Proof: Let x E H’(k, Z/pZ) be in the kernel of the above 
homomorphism and let aE Gal(k,/k). Let r be the closed subgroup of 
Gal(k,/k) topologically generated by a, and let E be the subfield of k, 
corresponding to r. Since k has no ordered field structure, I’ is torsion free 
and hence the cohomological p-dimension of E is at most one. Hence X 
splits over E and has an E-rational point. So there is a closed point x of X 
such that K(X) c E. Since x vanishes in H’(K(x), Z/pZ), we have x(a) = 0. 
This proves x = 0. 
Finally, we give a general observation concerning the main conjecture, 
and a list of problems which are simplest unsolved cases of the main con- 
jecture. 
Let k be a field, let p be any prime number different from ch(k), and let 
,up be the group of all pth roots of unity in k,. The following conjectures 
(Cl) and (C2) are standard. 
(Cl ) The cohomological symbol map 
~,(k)/p~,(k) + H’(k ~j?, 
is bijective for any q, 
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(C2) The sequence 
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K,(E) e/k , K,(k) + HY+ ‘(k, ,$‘Y) + Hq+ ‘(6 CL:‘) 
is exact for any cyclic extension E of k of degree p and for any q. 
These conjectures are proved by Merkuriev and Suslin [15] in the case 
q = 2 (the case q = 1 is classical). One can show easily 
LEMMA 7. Suppose that one of the conjectures (Cl) (C2) is true. Then a 
,field k satisfies C;(p) if and only if cd,(k) d q, where p is any prime number 
such that p # ch(k). 
The following problems are the simplest unsolved cases of the main con- 
jecture: 
PROBLEM 2. Prove that dim < 1 implies Cy. 
PROBLEM 3. For a complete discrete valuation field K with finite 
residue field, prove that K satisfies Ct and C; (the case of forms of prime 
degrees is settled by Corollary 1 of Theorem 1). 
PROBLEM 4. Prove that for a C,-field k, the norm map N,: 
K,(E) + K,(k) is surjective for any finite extension E of k. (The fact that C, 
implies the surjectivity of the K,-norm is proved in [9, Sect. 4, 
Proposition 1. ) 
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